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1. Introduction

Throughout k is an algebraically closed field of characteristic 0, and all vector spaces 
and algebras are over k.
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Gentle algebras were introduced by Assem, Happel and Skwrónski in the 1980s [2, 
3] as a generalization of iterated tilted algebras of type An and Ãn. In recent years, 
gentle algebras have attracted much attention in the representation theory of associative 
algebras due to their nice homological properties. Quite remarkably, gentle algebras 
connect closely to many areas of mathematics, e.g., Lie algebras [11], cluster theory [7], 
homological mirror symmetry [12,19], etc.

It was shown that every gentle algebra A can be obtained by gluing (vertices of) An

quivers [4, Section 2], say quivers of the form

1 ◦ 2 ◦ · · · n ◦.

In other words, there is a canonical radical embedding from A into a product of path 
algebras of An quivers as explained below. For more details on radical embeddings, we 
refer to [10, Section 3] (see also [14]).

Let A = kQA/IA be a gentle algebra (Definition 2.1). Then every arrow of QA belongs 
to a unique maximal nonzero path in A. Let p1, p2, . . . , pm be all maximal paths and li
the length of pi for 1 ≤ i ≤ m. We associate each pi a quiver Qi of type Ali+1. Let Q be 
the quiver with connected components Q1, Q2, · · · , Qm, and R = kQ the path algebra. 
Clearly we have an algebra isomorphism R ∼ = kQ1 × kQ2 × · · · × kQm.

Let NA = {(i, j) ∈ N ×N | 1 ≤ i ≤ m, 1 ≤ j ≤ li + 1} be an index set of vertices of 
Q, where (i, j) refers to the j-th vertex of the quiver Qi. Let eij be the idempotent of kQi

corresponding to the vertex (i, j). We define an equivalence relation ∼ on NA as follows: 
(i, j) ∼ (i′, j′) if and only if the j-th vertex of the path pi coincides with the j′-th vertex 
of pi′ in QA. By the definition of gentle algebras one can show that any equivalence class 
contains at most two elements.

For any (i, j) ∈ NA, we set ei,j =
∑

(u,v)∈NA

(u,v)∼(i,j)

euv . Then e2
i,j = ei,j , ei,j = eu,v if 

(i, j) ∼ (u, v), and ei,jeu,v = 0 if (i, j) ≁ (u, v). Let

S =
m ∑
i=1 

li+1∑
j=1 

kei,j
⊕

radR = (
⊕

(i,j)∈NA/∼
kei,j)

⊕
radR

be the linear span of ei,j ’s and the Jacobson radical of R. Clearly S is a subalgebra of 
R, and the inclusion S ⊆ R is a radical embedding [10, Lemma 3.1], where by radical 
embedding it is meant that radS = radR.

One can show that A is isomorphic to S as algebras, and hence there exists a radical 
embedding A ↪→ R. We say that the pair (NA,∼) is the gluing datum associated to 
A, and the gentle algebra A is obtained by gluing idempotents with the gluing datum 
(NA,∼).

For a radical embedding f : A → B, it is natural to compare the homological properties 
of A and B [10,21]. In general, A and B may have totally different homological behavior 
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and it is hard to tell what property is preserved under radical embedding. For instance, 
in our case, the gentle algebra A is radically embedded in some kQ. Clearly kQ is a 
hereditary algebra, while A may have infinite global dimension. We are interested in the 
naive question when A has finite global dimension. Specifically, in this paper, we focus 
on the case when the gentle algebra A has only one maximal path. The first question we 
aim to solve is:
Question 1. Let A be a gentle algebra obtained by gluing one An quiver Q with gluing 
datum (NA,∼). Is there a simple way to determine whether A has finite global dimension 
by studying the gluing datum (NA,∼)?

The symmetric groups turn out to be a handy tool in studying this problem. Let A
and (NA,∼) as in the question above. Note that in this case, NA is simply identified with 
{1, 2, · · · , n}, and ∼ is viewed as a partition of {1, 2, · · · , n}. Let Sn be the symmetric 
group of degree n. We associate a permutation α ∈ Sn to (NA,∼) as follows,

α(i) =
{
j, if ∃i 	= j ∈ NA, j ∼ i;
i, otherwise.

Note that α is an involution and hence a quasi-diagram (a generalization of chord di
agrams) in the sense of [8]. We call α the quasi-diagram associated to A. This gives a 
one-to-one correspondence

{gentle algebras with one maximal path}/ ∼ = 
1:1 ←→ {quasi-diagrams}.

Consider the n-cycle ζ = (123 · · ·n) ∈ Sn and the natural actions of ζα and αζ on 
the set {1, 2, · · · , n}. The following result gives an answer to the above question.

Theorem 1.1 (Theorem   3.2). Let A be a gentle algebra with one maximal path, and α ∈
Sn the associated quasi-diagram. Then the following are equivalent.

(1) The global dimension gldimA < ∞.
(2) Any ζα-orbit contains either 1 or at least one isolated point of α.
(3) Any αζ-orbit contains either n or at least one isolated point of α.

Here by an isolated point of α it is meant a point fixed by α.

We say a quasi-diagram α is regular if it satisfies the equivalent conditions (2), (3) in 
the above theorem. The theorem tells us how to determine whether A has finite global 
dimension by checking the associated quasi-diagram, and it seems to be relatively easy, 
see Example 3.4. Moreover, we also provide a method to calculate the global dimension 
of A in case it is finite, see Proposition 3.5.

Let Pn be an n-gon with sides labeled by 1, 2, . . . , n consecutively around its boundary. 
Then a quasi-diagram α ∈ Sn assigns each pair of sides i, α(i) of Pn a chord as shown 
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in Example 4.1. The dihedral group Dn of order 2n (viewed as a subgroup of Sn) acts 
on quasi-diagrams by conjugation:

g · α = gαg−1, g ∈ Dn, α ∈ Sn.

Let A,A′ be gentle algebras associated to quasi-diagrams α, g ·α ∈ Sn for some g ∈ Dn. 
Then in general, A and A′ may be quite ``different''. For example, it is possible that A
have finite global dimension while A′ may not, or in other words, the regularity of quasi
diagrams may not be preserved under conjugation. We are interested in the following 
question:
Question 2. Let α ∈ Sn be a regular quasi-diagram. When is g ·α regular for all g ∈ Dn?

A quasi-diagram α is said to be rotatably regular if ζl · α = ζlαζ−l is regular for 
any integer l. The following result provides several equivalence conditions for α being 
rotatably regular, answering Question 2 to some extent.

Theorem 1.2. (Proposition 4.2, Theorem 4.5) Let α ∈ Sn be a quasi-diagram. Then the 
following statements are equivalent.

(1) g · α is regular for all g ∈ Dn.
(2) α is rotatably regular.
(3) Either α is maximal, or each orbit of ζα contains at least one isolated point of α.

We introduce the notions of expansion and contraction for quasi-diagrams, and com
pare the faces, isolated points and regularity of a quasi-diagram with the ones of its 
expansions and contractions, see Section 5 for detail. Recall that a chord diagram is a 
quasi-diagram without isolated points, and a quasi-diagram α is maximal if ζα has only 
one orbit, see Definition 2.3. The following connects quasi-diagrams and chord diagrams.

Proposition 1.3. (Proposition 5.11) Every nontrivial quasi-diagram is an iterated ex
pansion of a chord diagram, and every nontrivial maximal quasi-diagram is an iterated 
expansion of a maximal chord diagram.

The proposition provides a possible way to restrict problems to the special case of 
chord diagrams when working with quasi-diagrams. For instance, we apply it to reat
tain a counting formula of maximal quasi-diagrams by using the one of maximal chord 
diagrams, see Proposition 6.8 (2).

In the last part of the paper, we discuss maximal chord diagrams. We show in Proposi
tion 6.3 several equivalence characterization for maximal chord diagrams by using Koszul 
dual and the conjugate action of the dihedral group. The subset of Mn (n ≥ 3) consisting 
of maximal chord diagrams turns out to the ``biggest'' subset closed under taking rota
tions and Koszul dual, see Proposition 6.6. Moreover, by a recent result of Chang and 
Schroll [9], maximal chord diagrams exactly correspond to those gentle algebras A, such 
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that A has finite global dimension and Db(modA) has no full exceptional sequences, see 
Remark 6.7.
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2. Preliminaries

In this paper all algebras considered are basic. A path in a quiver Q is a sequence 
a1a2 · · · al (composed from left to right) of arrows with t(ai) = s(ai+1) for all i =
1, 2, · · · , l − 1, where for each i, s(ai) and t(ai) denote the source and target of ai
respectively, l is called the length of the path. We use Ql to denote the set of paths of 
length l in Q, in particular, Q0 is the set of vertices which are identified with trivial 
paths, and Q1 is the set of arrows. Maps are composed from right to left, that is the 
composite of f : X → Y and g : Y → Z is denoted by g ◦ f : X → Z.

Definition 2.1. An algebra A is called a locally gentle algebra if it is isomorphic to kQ/I, 
where

(1) Q is a finite quiver, and for every vertex i ∈ Q0, there are at most two arrows ending 
at i and at most two arrows starting at i;

(2) I is generated by paths of length two;
(3) for every arrow a ∈ Q1, there is at most one arrow b such that ab ∈ I, and at most 

one arrow c such that ca ∈ I; and there is at most one arrow b′ such that ab′ / ∈ I, 
and at most one arrow c′ such that c′a / ∈ I.

A locally gentle algebra is called a gentle algebra if it is finite dimensional.

Remark 2.2. A (nonzero) path in A = kQ/I means a path p in Q such that p 	∈ I, i.e., 
p 	= 0 in A. By definition, for a locally gentle algebra, each arrow a0 either appears in 
a unique maximal path · · · a−1a0a1 · · · , or there exists an oriented cycle a0a1 · · · ara0 in 
A. Recall that a path p is maximal in A if pa = ap = 0 for any arrow a.

Note that the permutation α ∈ Sn associated to a gentle algebra A mentioned in the 
introduction is an involution, i.e., α2 = id. Thus the cycles of α are of length 2 or 1. The 
following definitions mimic those in [8].

Definition 2.3. Let ζn = (12 . . . n), α ∈ Sn.
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(1) We call α a quasi-diagram if α is an involution. The identity id ∈ Sn is called the 
trivial quasi-diagram.
Now let α ∈ Sn be a quasi-diagram.

(2) A cycle of length 2 of α is called a chord of α, a point fixed by α is called an isolated 
point of α.

(3) We call α a chord diagram if it is isolated point free.
(4) Write ζnα = w1 · · ·wr as a complete product of disjoint cycles, where complete means 

that each i occurs in some cycle in the product, and we will distinguish between the 
1-cycles (i) and (j) for i 	= j, although they are both the identity mapping viewed 
as permutations. Then each wi is called a face of α. By abuse of notations, we will 
also call an orbit of ζnα a face.

(5) We say that α is maximal if it has only one face.

We use Dn and Mn to denote the set of quasi-diagrams and the subset of maximal chord 
diagrams in Sn respectively.

For the rest of the paper, ζn always denotes the n-cycle (12 · · ·n) ∈ Sn, which is also 
simply denoted by ζ when there is no confusion on n.

Example 2.4. Let α = (12)(45) ∈ D5. Then (12), (45) are chords of α, and 3 is an isolated 
point of α. Since ζ5α = (134)(2)(5), α has three faces: (134), (2), (5).

Remark 2.5. For every gentle algebra A, we can associate to A a marked surface SA, 
which is an oriented surface with boundary so that the ribbon graph of A can be (filling) 
embedded [16,20]. The notion of marked surfaces is shown to be very useful in the study 
of Db(modA), the bounded derived category of the category modA consisting of finitely 
generated right A-modules [9,17,20].

Let A be a gentle algebra with one maximal path, and α be the associated quasi
diagram. Let ŜA be the surface without boundary obtained from SA by gluing an open 
disc to each of the boundary components of SA. It is not hard to check that

V :=#{vertices in ŜA} = #{isolated points of α} + 1,

E :=#{edges in ŜA} = #{isolated points of α} + #{chords of α},

and

{faces in ŜA} 1:1 ←→ {faces of α}

(which explains the name faces of α).
Let F := #{faces in ŜA}. By the Euler characteristic formula 2−2g = χ = V −E+F , 

we get the following formula for genus of ŜA (as well as SA)

2g = #{chords of α} − #{faces of α} + 1. (1)
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It implies that SA has maximal possible genus if α is maximal.

We recall the following notion of Koszul algebras, which are an important class of 
graded algebras with nice homological properties. By definition, a locally gentle algebra 
is quadratic monomial and hence a Koszul algebra.

Definition 2.6 ([5, Definition 1.2.1]). A positively graded algebra A =
⊕

i≥0 Ai is called 
Koszul if A0 is semisimple and if the graded right A-module A0 admits a graded projective 
resolution

· · · P i · · · P 1 P 0 A0 0

such that each P i is generated by its component in degree i, i.e., P i = P i
iA.

The Koszul dual A! of a Koszul algebra A is defined to be the Yoneda algebra 
ExtA(A0, A0) [5]. It is well known that A! is again a Koszul algebra, and (A!)! ∼ = A
as graded algebras.

Proposition 2.7 ([6, Proposition 3.4]). A locally gentle algebra A = kQ/I (with grading 
given by path lengths) is Koszul. The Koszul dual A! of A is isomorphic to the locally 
gentle algebra kQ!/I ! where

(1) the quiver Q! is equal to the opposite quiver of Q, that is, the quiver obtained from 
Q by reversing all arrows;

(2) the ideal I ! is generated by the opposites of the paths p of length two in Q which do 
not appear in I.

Thus for a locally gentle algebra A = kQ/I, a path with full relations

· · · · · ·
ai ai+1

will become a (nonzero) path in the Koszul dual A! = kQ!/I !. Here a path with full 
relations in A means a path in the quiver Q such that aiai+1 ∈ I for any two consecutive 
arrows ai, ai+1 in the path.

Then we obtain a characterization of the global dimension of A, which is a special 
case of the following well-known result ([1]).

Lemma 2.8. Let A = kQ/I be a quadratic monomial algebra, where Q is a finite quiver, 
and I is an ideal generated by a set of paths of length 2. Then gldimA equals the maximal 
length of paths with full relations in A.
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Corollary 2.9. Let A be a gentle algebra with one maximal path, and α ∈ Dn the asso
ciated quasi-diagram. Then the Koszul dual A! has only one maximal path if and only if 
gldimA = n− 1.

Proof. Note that the quivers Q and Q! have exactly n − 1 arrows. Moreover, since A!

is also locally gentle, either A! has finite dimension and each arrow of Q! appears in a 
unique maximal path, or A! has infinite dimension and contains a (nonzero) oriented 
cycle. Now the corollary follows easily from Lemma 2.8, which says that gldimA equals 
the maximal length of nonzero paths in A!, or the maximal length of paths with full 
relations in A. �
Remark 2.10. Let α ∈ Dn be a quasi-diagram and A be the gentle algebra. We will say 
that the Koszul dual of α exists if the Koszul dual A! of A also has one maximal path, 
and in this case, the quasi-diagram associated to A!, denoted by α!, is called the Koszul 
dual of α. Note that Proposition 2.7 also implies that gldimA! = n− 1.

Example 2.11. Let α = id ∈ D2, and A the associated gentle algebra. Then A is the path 
algebra of the quiver

◦ ◦ .

Thus gldimA = 1. By Corollary 2.9, the Koszul dual α! exists, and we can check that 
α! = α.

3. Global dimension

In this section, we prove the first main result mentioned in the introduction. We begin 
with an easy lemma.

Lemma 3.1. Let α ∈ Dn be a quasi-diagram and ζ = (123 · · ·n). Then

(1) The elements 1 and α(n) have the same ζα-orbit;
(2) The elements n and α(1) have the same αζ-orbit.

Proof. (1) follows from ζα(α(n)) = ζα2ζ−1(1) = ζ(n) = 1, since α2 = id.
(2) follows from αζ(n) = α(1). �
Let A = kQA/IA be the gentle algebra associated to α. Note that the global dimension 

of A is equal to the maximal number m such that there is a path of length m with full 
relations in A.

Before state our main result, we introduce two special classes of orbits of the set 
{1, 2, · · · , n} under the natural actions of ζα and αζ, say
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Aα := {orbits of ζα containing no isolated points of α nor 1},

and

Bα := {orbits of αζ containing no isolated points of α nor n}.

The following result is based on the key observation that a path with full relations in A
corresponds to the consecutive non-isolated points in a face of α (i.e., an orbit of ζα).

Theorem 3.2. Let A be a gentle algebra with one maximal path, and α ∈ Dn the associated 
quasi-diagram. Then the following are equivalent.

(1) gldimA < ∞.
(2) #(Aα) = 0.
(3) #(Bα) = 0.

Proof. By assumption A = kQA/IA is a gentle algebra obtained by gluing one An quiver 
Q. Let α ∈ Dn be the associated quasi-diagram.

(2) ⇔ (3). Clearly αζ = α(ζα)α−1. Hence a subset ω is an orbit of ζα if and only if 
α(ω) = {α(i) | i ∈ ω} is an orbit of αζ. By Lemma 3.1, 1 ∈ ω if and only if α(n) ∈ ω, if 
and only if n ∈ α−1(ω) = α(ω). Moreover, ω contains a fixed point i of α if and only if 
α(ω) does. Thus we have shown that for any w ∈ Aα if and only if α(ω) ∈ Bα, and the 
equivalence of (2) and (3) follows.

(1) ⇔ (3). As mentioned in the introduction, A is a subalgebra of kQ, where Q is the 
quiver

1 ◦
a1 2 ◦

a2 · · ·
an−1 n ◦.

Let ei denote the trivial path at the vertex i in Q. Clearly e1, e2, · · · , en form a complete 
set of orthogonal idempotents.

Consider the associated quasi-diagram α ∈ Sn. Since α is an involution, we may write

α = (x1, y1) · · · (xu, yu)(xu+1) · · · (xv)

as a product of disjoint 2-cycles and 1-cycles. Then a complete set of orthogonal idem
potents e1, . . . , et of A is given by

ei =
{
exi

+ eyi
1 ≤ i ≤ u,

exi
u + 1 ≤ i ≤ v,

and A =
⊕t

i=1 kei
⊕

radkQ.
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f(ir)

air

f(i3)

ai1f(i1)

ai2

f(i2)

Fig. 1. The oriented cycle with full relations. 

i1
ζ

i1 + 1

α

ir
ζ

ir + 1

α

i2
ζ

i2 + 1

α

ir−1 + 1

α

· · i3

is + 1 is
ζ

Fig. 2. The αζ-orbit w. 

For any 1 ≤ i ≤ n, there exists a unique 1 ≤ f(i) ≤ v, such that i = xf(i) or yf(i). Thus 
f defines a unique partition function

f : {1, 2, · · · , n} → {1, 2, · · · , v}.

Note that f(i) = f(j) if and only if i = j or i = α(j)
Then the quiver QA is exactly the quiver with vertices {1, 2, · · · , v}, arrows 

{a1, a2, · · · , an−1}, and the source and target maps given by s(ai) = f(i), and t(ai) =
f(i + 1) for i = 1, 2, · · · , n− 1. The defining relations of A are

{aiaj | 1 ≤ i, j ≤ n− 1, f(i + 1) = f(j), j 	= i + 1}.

Or in other words, a path aiaj ∈ IA if and only if j = α(i + 1) = αζ(i) and j is not an 
isolated point of α.

By Lemma 2.8, A has infinite global dimension if and only if there exists an oriented cy
cle ai1ai2 · · · airai1 with full relations (Fig. 1) if and only if the subset ω = {i1, i2, · · · , ir}
forms an αζ-orbit which contains no isolated points of α nor n, i.e. ω ∈ Bα (Fig. 2). �

We call a quasi-diagram α regular if it satisfies the equivalent conditions (2) and (3) 
in above theorem. Then we draw the following consequence.
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Corollary 3.3. Maximal quasi-diagrams are regular.

Example 3.4. Consider the quiver

Q = 1 ◦ 2 ◦ 3 ◦ 4 ◦.

Let A, and A′ be gentle algebras obtained by gluing Q with quasi-diagrams

α = (13)(24), and α′ = (12) ∈ S4

respectively. Then we have

ζ4α = (1432), ζ4α′ = (134)(2).

Thus #(Aα) = 0, and #(Aα′) = 1. By Theorem 3.2, we have gldimA < ∞, and 
gldimA′ = ∞.

For j ∈ {1, . . . , n−1}, let gj be the smallest positive integer such that (αζ)gj (j) = n or 
an isolated point of α, and let gn = 0. Similarly, for i ∈ {1, . . . , n} \ {α(n)}, let di be the 
smallest positive integer such that (ζα)di(i) is an isolated point of α or (ζα)di(i) = α(n), 
and let dα(n) = 0.

Proposition 3.5. Let α ∈ Dn be a regular quasi-diagram, and A the associated gentle 
algebra. For i, j ∈ {1, . . . , n}, let di, gj as above. Then

gldimA = max{gj | j is an isolated point of α or j = α(1)}
= max{di | i is an isolated point of α or i = 1}.

Proof. We will show the first equality in detail and the second one can be proved simi
larly. See also the proof of (2) ⇔ (3) in Theorem 3.2.

Let A be a gentle algebra with one maximal path and α ∈ Dn the associated quasi
diagram. As in the proof of Theorem 3.2, for i = 1, · · · , n − 1, let ai be the arrow in 
An quiver Q starting at the vertex i and ending at the vertex i + 1. Recall that a path 
ai1ai2 · · · air has full relations in A if and only if αζ(iu) = iu+1 for u = 1, · · · , r − 1, 
and i2, · · · , ir are non-isolated points of α. Let ai1ai2 · · · air be a maximal path with full 
relations in A. Then i1 is either an isolated point of α or equals α(1). Otherwise we 
have i0 = ζ−1α(i1) 	= n and ai0ai1 · · · air is a path with full relations in A, a contradic
tion. Similarly, αζ(ir) = n or an isolated point. Now the desired equality follows from 
Lemma 2.8. �
Example 3.6. Consider the gentle algebra A defined by the regular chord diagram α =
(13)(24) ∈ D4 in Example 3.4. We have d1 = 3 and there is no isolated point, so that 
gldimA = 3.
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The following result mainly follows from Proposition 3.5. It tells us when the Koszul 
dual A! has only one maximal path, or equivalently, when the Koszul dual quasi-diagram 
is well defined (Corollary 2.9).

Theorem 3.7. Let A be a gentle algebra with one maximal path, and α ∈ Dn the associated 
quasi-diagram. Then the following are equivalent.

(1) The Koszul dual α! of α exists.
(2) The global dimension of A is n− 1.
(3) The quasi-diagram α is one of the following types:

Type A: α is a maximal chord diagram;
Type B: α is a maximal quasi-diagram with isolated points 1 or n, or both;
Type C: (1, n) is a chord of α, and α has exactly one isolated point and exactly two 

faces.

Moreover, the Koszul dual α! has the same type as α if exists.

Proof. (1) ⇔ (2) follows from Corollary 2.9 and it suffices to prove (2) ⇔ (3).
(3) ⇒ (2). If (3) holds, then we can check that gldimA = n − 1 case by case by 

applying Proposition 3.5.
(2) ⇒ (3). If (2) holds, then by Proposition 3.5, we know that α has at most two 

faces. Otherwise, we have d1, di < n− 1 for any isolated point i. There are two cases.
Case 1: α is maximal, i.e., α has only one face. We may write ζα = (1, . . . , α(n))

since ζα(α(n)) = ζ(n) = 1. Then (ζα)n−1(1) = α(n), and hence d1 ≤ n − 1. For any 
i / ∈ {1, α(n)}, we have i = (ζα)σi(1) for some 1 ≤ σi ≤ n− 2, then (ζα)n−1−σi(i) = α(n)
and di ≤ n − σi − 1 < n − 1. Moreover, i is not an isolated point of α, otherwise, 
d1 ≤ σi ≤ n − 2, and by Proposition 3.5 we have gldimA ≤ n − 2, which leads to a 
contradiction.

Now we have shown that in case α is maximal, d1 = n − 1 and any isolated point of 
α is either 1 or α(n), that is, α is either of Type A or Type B.

Case 2: α has exactly two faces. Write ζα = w1w2, where w1, w2 are faces of α. We 
may assume 1 ∈ w1 without loss of generality. By Theorem 3.2, there is an isolated point 
i such that i 	= 1 and i ∈ w2. Let l1, l2 be the lengths of w1, w2 respectively. Then

d1 ≤ l1 − 1 = n− l2 − 1 ≤ n− 2,

where the first inequality follows from α(n) ∈ w1 (Lemma 3.1), and

di ≤ l2 = n− l1 ≤ n− 1.

By a similar discussion as in Case 1, we have gldimA = n−1 if and only if di = n−1 = l2, 
if and only if there is no isolated point j ∈ w2 other than i. On the other hand, since 
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l1 = n− l2 = 1 and 1 ∈ w1, we have w1 = (1), and it follows that (1, n) is a chord of α. 
Therefore A is of Type C.

We are left to prove the last statement. Assume that the Koszul dual α! of α exists. It 
suffices to prove the statement for α of Type B and Type C, and then the case of Type 
A holds automatically.

First assume that α is of Type B. It suffices to show that 1 is an isolated point of 
α if and only if n is an isolated point of α!. Let α be a maximal quasi-diagram with 
isolated point 1. Then the isolated point 1 corresponds to a vertex v in the quiver QA, 
such that there is only one arrow a with s(a) = v, and there is no arrow b with t(b) = v. 
By Proposition 2.7, it implies that there is a vertex v′ in QA! , such that there is only 
one arrow a′ with t(a′) = v′, and there is no arrow b′ with s(b′) = v′. The existence of 
such an vertex v′ implies that n is an isolated point of α!.

Now assume that α is of Type C. Since (1, n) is a chord of α. There is a path with 
relations in A as in the following

· · · · · · .
v

Where v corresponds to the vertex in QA by gluing 1 and n, so that there is only one 
arrow a with t(a) = v and one arrow b with s(b) = v. By Proposition 2.7, there is a path 
in QA! as in the following

· · · · · ·
v′

so that there is only one arrow a′ with s(a′) = v′ and one arrow b′ with t(b′) = v′. Thus 
there is an isolated point i of α! corresponds to the vertex v′, and clearly that i 	= 1, n. 
Thus α! is of Type C. �
Example 3.8. Let A1, A2, A3 be the gentle algebras defined by the quasi-diagrams

α1 = (13)(28)(46)(57) ∈ S8, α2 = (13)(24) ∈ S5, α3 = (17)(24)(35) ∈ S7

respectively. Then we have

ζ8α1 = (14765832), ζ5α2 = (14325), ζ7α3 = (1)(254367).

By Theorem 3.7, we have gldimA1 = 7, gldimA2 = 4, gldimA3 = 6. Their Koszul dual 
quasi-diagrams are

(α1)! = (13)(28)(46)(57) = α1, (α2)! = (24)(35), (α3)! = (17)(35)(46).

Moreover, α1, α2, α3 are of Type A, B, C respectively.
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Fig. 3. Drawings of α (left), and α′ (right). 

4. Dihedral group action

For a quasi-diagram α ∈ Dn, we can image α describes a drawing on an n-gon Pn with 
its sides labeled by 1, 2, . . . , n consecutively around its boundary: draw a chord between 
sides i and j for every chord (i, j) of α.

Example 4.1. Let α = (13)(24), α′ = (14) ∈ D4. We give the corresponding drawings in 
Fig. 3. 

Thus it is natural to consider the dihedral group Dn (viewed as a subgroup of Sn) 
acts on the set of quasi-diagrams by conjugation:

Dn ×Dn → Dn,

(g, α) �→ g · α = gαg−1.

We aim to answer the Question 2 mentioned in the introduction.
Firstly, we consider the reflection γ ∈ Dn which interchanges the sides 1 and n, say

γ =
{

(1, 2m + 1)(2, 2m) · · · (m,m + 2) if n = 2m + 1;
(1, 2m)(2, 2m− 1) · · · (m,m + 1) if n = 2m.

Proposition 4.2. Let α ∈ Dn be a quasi-diagram. Then α is regular if and only if the 
quasi-diagram γ · α is regular.

Proof. It is direct to check that γζ−1γ = ζ. Then

(ζ(γ · α))−1 = (ζγαγ)−1 = γαγζ−1 = γ(αγζ−1γ)γ−1 = γ(αζ)γ−1.

Clearly, a subset ω is an orbit of αζ if and only if γ(ω) = {γ(i) | i ∈ ω} is an orbit 
of (ζ(γ · α))−1, if and only if γ(ω) is an orbit of ζ(γ · α). Moreover, n ∈ ω if and only 
if 1 ∈ γ(ω), and i ∈ ω is an isolated point of α if and only if γ(i) is an isolated point 
of γαγ = γ · α. Thus ω ∈ Bα if and only if γ(ω) ∈ Aγ·α, and the assertion follows from 
Theorem 3.2. �
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Remark 4.3. Let α be a quasi-diagram. Let A and A′ be gentle algebras associated to α
and γ · α respectively. Then A′ is isomorphic to Aop, the opposite algebra of A.

For a quasi-diagram α ∈ Dn and an integer l. We call ζl ·α = ζlαζ−l the l-th rotation 
of α. A quasi-diagram is called rotatably regular if its l-th rotation is regular for any 
integer l. Set

Rn := {rotatably regular quasi-diagrams in Dn}.

Since Dn is generated by γ, ζ, and γζ = ζ−1γ, Proposition 4.2 implies that conjugate 
action of the dihedral group on Sn restricts to an action of Dn on Rn:

Dn ×Rn → Rn, (g, α) �→ g · α = gαg−1.

Lemma 4.4. Let α ∈ Dn be a quasi-diagram, and βl the l-th rotation of α where l ∈ Z. 
Then

(1) i is an isolated point of α if and only if ζl(i) is an isolated point of βl;
(2) w is a face of α if and only if ζlwζ−l is a face of βl.

Proof. For (1). This follows from α(i) = i if and only if ζlα(i) = ζl(i), and βlζ
l(i) =

ζlαζ−lζl(i) = ζlα(i).
For (2). This follows from ζβl = ζ(ζlαζ−l) = ζl(ζα)ζ−l. �
We characterize the rotatably regular quasi-diagrams in the following.

Theorem 4.5. Let α ∈ Dn be a quasi-diagram. Then α is rotatably regular if and only if 
either α is maximal, or any face of α contains at least one isolated point.

Proof. Let α be a quasi-diagram, and βl = ζl · α = ζlαζ−l the l-th rotation of α where 
l ∈ Z.

First we prove the sufficiency. If α is maximal, say α has only one face, then any βl

is maximal by Lemma 4.4 (2), and hence regular; if any face of α contains at least one 
isolated point, then so is βl for any l by Lemma 4.4, and hence βl is regular for any l.

Now assume that α is rotatably regular. To prove the necessity, it suffices to show 
that if there is a face ω of α such that ω contains no isolated points, then α is maximal.

By Lemma 4.4, ζlωζ−l is a face of βl and contains no isolated points for any l. Since 
α is a rotatably regular, βl is regular, and by Theorem 3.2 it forces that 1 ∈ ζlωζ−l, or 
equivalently, ζ−l(1) = n+1− l ∈ ω for all l. Hence ω contains all points i ∈ {1, 2, · · · , n}, 
which means α is maximal. �
Example 4.6. The first nontrivial set of rotatably regular quasi-diagrams is

R4 = {id, (13), (24), (13)(24)}.
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Where

D4 · (13) = {(13), (24)} = D4 · (24), D4 · (13)(24) = {(13)(24)}.

5. Expansions and contractions

We may identify Sn with the subgroup of Sn+1 which fixes the point n + 1. In this 
sense, any quasi-diagram α ∈ Dn can be viewed as a diagram in Dn+1. Moreover, for 
any 1 ≤ i ≤ n + 1, we define

ιi(α) := ϑi,n+1α(ϑi,n+1)−1 ∈ Dn+1,

where ϑi,n+1 = (i, i + 1, . . . , n, n + 1) ∈ Sn+1. We call ιi(α) is the i-expansion of α, or 
the expansion of α at the position i.

Example 5.1. Let α = (13)(24) ∈ D4 be a regular quasi-diagram. Then we have

ι1(α) = (12345)(13)(24)(54321) = (24)(35) ∈ D5,

and

ι2(α) = (2345)(13)(24)(5432) = (14)(35) ∈ D5.

We can check that both ι1(α) and ι2(α) are regular.

Example 5.2. Let α = (12) ∈ D2 be a quasi-diagram which is not regular. Then we have

ι1(α) = (123)(12)(321) = (23) ∈ D3,

and

ι2(α) = (23)(12)(32) = (13) ∈ D3.

We can check that ι1(α) is not regular, but ι2(α) is regular.

Let α ∈ Dn be a quasi-diagram. We may write

ζnα = w1 · · ·wt

as a complete product of disjoint cycles, or in other words, ws’s are all faces of α. Let 
i ∈ {1, . . . , n + 1}. We consider the faces of ιi(α) ∈ Dn+1.

Lemma 5.3. Keep notations as above.
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(1) If i = n + 1, then ζn+1ιi(α) = w′
1 · · ·w′

t, where

w′
s =

{
ws if 1 / ∈ ws,

(1, n + 1)ws otherwise.

(2) If i 	= n + 1, then ζn+1ιi(α) = w′
1 · · ·w′

t, where

w′
s =

{
ϑi,n+1ws(ϑi,n+1)−1 if i / ∈ ws,

ϑi+1,n+1ws(ϑi,n+1)−1 otherwise.

Proof. Keep notations as mentioned before the lemma. The case (1) is easy to check. 
We give a detailed proof of case (2). Assume i 	= n + 1. We have

ζn+1ιi(α) = ζn+1ϑi,n+1α(ϑi,n+1)−1

= ζn+1(i, i + 1, . . . , n + 1)ζ−1
n+1ζn+1α(ϑi,n+1)−1

= (i + 1, i + 2, . . . , n + 1, 1)ζn+1α(ϑi,n+1)−1

= (i + 1, i + 2, . . . , n + 1, 1)(1, n + 1)ζnα(ϑi,n+1)−1

= (i + 1, i + 2, . . . , n + 1)ζnα(ϑi,n+1)−1

= (i, i + 1)(i, i + 1, . . . , n + 1)ζnα(ϑi,n+1)−1

= (i, i + 1)ϑi,n+1w1 · · ·wt(ϑi,n+1)−1.

Note there is only one d ∈ {1, . . . , t} such that i ∈ wd, so that

i + 1 ∈ ϑi,n+1wd(ϑi,n+1)−1 =: w̃d.

Denote by w′
s = ϑi,n+1ws(ϑi,n+1)−1 if s 	= d. Then we have

ζn+1ιi(α) = (i, i + 1)w′
1 · · ·w′

d−1w̃dw
′
d+1 · · ·w′

t.

Since w′
s does not contain i nor i+ 1 for s 	= d, we have (i, i+ 1)w′

s = w′
s(i, i+ 1). Thus

ζn+1ιi(α) = w′
1 · · ·w′

d−1(i, i + 1)w̃dw
′
d+1 · · ·w′

t.

Let w′
d = (i, i + 1)w̃d. Clearly w′

1, · · · , w′
t are disjoint cycles, and the proof is completed 

for (i, i + 1)ϑi,n+1 = ϑi+1,n+1. �
Remark 5.4. Let α, ιi(α), ws, w′

s be as above. Assume ws = (j1 · · · jr). Then w′
s =

(j′1 · · · j′r) if i / ∈ ws, where j′u = ϑi,n+1(ju), or more explicitly, j′u = ju if 1 ≤ ju < i, and 
j′u = ju + 1 if i ≤ ju ≤ n.

If i ∈ ws, we may assume j1 = i without loss of generality. Then in this case, w′
s =

(ij′1 · · · j′r), where again j′u = ϑi,n+1(ju). In particular, j′1 = i + 1.
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Lemma 5.5. Let α ∈ Dn, and i ∈ {1, . . . , n+1}. If {j1, . . . , jt} is the set of isolated points 
of α, then {i, ϑi,n+1(j1), · · · , ϑi,n+1(jt)} is the set of isolated points of ιi(α) ∈ Dn+1.

Proof. Let α ∈ Dn, and i ∈ {1, . . . , n + 1}. Assume {j1, . . . , jt} is the set of isolated 
points of α. Then α has m = n−t

2 chords α1, . . . , αm. Then

ιi(α) =ϑi,n+1α(ϑi,n+1)−1

=ϑi,n+1α1 · · ·αm(j1) · · · (jt)(n + 1)(ϑi,n+1)−1

=(ϑi,n+1α1 · · ·αm(ϑi,n+1)−1)(ϑi,n+1(j1)) · · · (ϑi,n+1(jt))(ϑi,n+1(n + 1)).

Thus

{ϑi,n+1(j1), · · · , ϑi,n+1(jt), ϑi,n+1(n + 1) = i}

is the set of isolated points of ιi(α) ∈ Dn+1. �
Proposition 5.6. Assume that α ∈ Dn is a regular quasi-diagram. Then the i-expansion 
ιi(α) ∈ Dn+1 is regular for all i ∈ {1, . . . , n + 1}.

Proof. Write ζnα = w1 · · ·wt, where ws’s are all faces of α. By Theorem 3.2, each ws

contains 1 or at least one isolated point of α. If i = n + 1, then it is easy to check that 
ιn+1(α) is also regular by Lemma 5.3.

Now we assume that i 	= n + 1. Then there is d ∈ {1, . . . , t} such that i ∈ wd. By 
Lemma 5.3, ζn+1ιi(α) = w′

1 · · ·w′
t, where

w′
s =

{
ϑi,n+1ws(ϑi,n+1)−1, if s 	= d,

ϑi+1,n+1wd(ϑi,n+1)−1 otherwise.

We will show that each w′
s contains either some isolated point of ιi(α) or 1. This can 

be checked case by case.
(1) s 	= d, and ws contains some isolated point j of α. Then ϑi,n+1(j) is an isolated 

point by Lemma 5.5, and clearly ϑi,n+1(j) ∈ w′
s.

(2) s 	= d and 1 ∈ ws. Then i > 1 by assumption, otherwise, ws = wd which is a 
contradiction. Thus 1 = ϑi,n+1(1) ∈ w′

s.
(3) s = d. Since wd contains i, then w̃d = ϑi,n+1wd(ϑi,n+1)−1 contains i+ 1 and does 

not contain i. Thus w′
d = (i, i + 1)w̃d contains i which is an isolated point of ιi(α) by 

Lemma 5.5. �
The above result tells us that if a quasi-diagram α ∈ Dn is regular, then α is also 

regular when viewed as a quasi-diagram in Dm for any m > n.

Proposition 5.7. Let α ∈ Dn be a maximal quasi-diagram. Then ιi(α) ∈ Dn+1 is also a 
maximal quasi-diagram for all i ∈ {1, . . . , n + 1}.
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Proof. By definition α is maximal if and only if α has only one face. Since expansions 
preserve the number of faces, we know that each ιi(α) has one face, and hence is maxi
mal. �

Dual to the notion of expansions, we may also introduce contractions of a quasi
diagram at isolated points. Let α ∈ Dn be a quasi-diagram such that α is not a chord 
diagram, i.e., the set of isolated points of α is not empty. Assume i ∈ {1, . . . , n} is an 
isolated point of α. Then we define

δi(α) := (ϑi,n)−1αϑi,n.

As above, we may identify Sn−1 as the subgroup of Sn which fixes n. Now n is an 
isolated point of δi(α), and we may view δi(α) as a quasi-diagram in Dn−1 by omitting 
the isolated point n. We call δi(α) the i-contraction of α, or the contraction of α at the 
position i. Note that we always have δiιi = id, and ιiδi = id when the composition is 
well defined.

The following two lemmas are the dual versions of Lemma 5.3 and Lemma 5.5, re
spectively. The proofs are easily obtained by applying the fact that ιiδi(α) = α and 
Lemma 5.3 and Lemma 5.5, and we omit them here.

Lemma 5.8. Let α ∈ Dn, and let i ∈ {1, . . . , n} be an isolated point of α. Assume 
ζnα = w1 · · ·wt, where ws’s are faces of α.

(1) If i = n, then ζn−1δi(α) = w′
1 · · ·w′

t, where

w′
s =

{
ws if 1 / ∈ ws,

(1, n)ws otherwise.

(2) If i 	= n, then ζn−1δi(α) = w′
1 · · ·w′

t, where

w′
s =

{
(ϑi,n)−1wsϑi,n if i / ∈ ws,

(ϑi+1,n)−1wsϑi,n otherwise.

Lemma 5.9. Let α ∈ Dn, and i ∈ {1, . . . , n} be an isolated point of α. If {j1, . . . , jt} is 
the set of isolated points of α, then

{(ϑi,n)−1(j1), · · · , (ϑi,n)−1(jt)} \ {n}

is the set of isolated points of δi(α) ∈ Dn−1.

By Proposition 5.6, an expansion of a regular quasi-diagram remains regular, but the 
regularity is not preserved under taking contractions. For instance, (13) ∈ D3 is regular 
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while its 2-contraction (12) ∈ D2 is not regular (see Example 5.2). However, the converse 
version of Proposition 5.7 is true since an contraction preserves the number of faces.

Proposition 5.10. Let α ∈ Dn be a maximal quasi-diagram and i ∈ {1, . . . , n} be an 
isolated point of α. Then δi(α) ∈ Dn−1 is maximal.

Let α ∈ Dn, and α′ ∈ Dn+r be quasi-diagrams. We say α′ is an iterated expansion of 
α if

ιir · · · ιi2ιi1(α) = α′ ∈ Dn+r.

Which is equivalent to say

α = δi1 · · · δir−1δir(α′) ∈ Dn.

Recall that id ∈ Dn is called the trivial quasi-diagram. In summary, we have the fol
lowing result which connects (maximal) chord diagrams and (maximal) quasi-diagrams.

Proposition 5.11. Every nontrivial quasi-diagram is an iterated expansion of a chord dia
gram, and every nontrivial maximal quasi-diagram is an iterated expansion of a maximal 
chord diagram.

Remark 5.12. The result above is mentioned in [8, Section 6] implicitly.

6. Maximal chord diagrams

In this section, we discuss the set Mn of maximal chord diagrams. Note that chord 
diagrams exist only when n is an even number. We may assume n = 2m for some positive 
integer m.

There is a natural oriented surface without boundary associated to a chord diagram 
[8,15]. Let P2m be a 2m-gon with its sides labeled by 1, 2, . . . , 2m consecutively around 
its boundary. A chord diagram α ∈ D2m defines a way to glue the sides i, α(i) of P2m
so that yields an oriented surface Sα with a one-face map formed by edges and vertices 
of the polygon. The number of vertices in Sα equals to the number of faces of α. Thus 
the formula of genus of Sα is same to Equation (1), which implies that Sα has maximal 
possible genus if α is maximal.

Example 6.1. The maximal chord diagram α = (13)(24) ∈ D4 defines a way to glue P4
to a torus with 2 edges and one vertex (Fig. 4). 

Remark 6.2. Let SA be the marked surface of the gentle algebra A associated to a chord 
diagram α. Then ŜA is an oriented surface which is dual to Sα by interchanging faces 
and vertices. If α is maximal, then Sα and ŜA both have one vertex and one face. On 
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Fig. 4. Glue P2 by α = (13)(24). 

the other hand, since both edges in Sα and ŜA correspond to the chords of α with the 
same order counterclockwisely (or clockwisely) around the vertex in the surface, they 
are homeomorphic.

We summarize the properties of maximal chord diagrams as follows.

Proposition 6.3. Let α ∈ D2m be a chord diagram, and A the associated gentle algebra. 
Then the following statements are equivalent.

(1) α is maximal.
(2) α is regular.
(3) α is rotatably regular.
(4) The l-th rotation of α is maximal for any integer l.
(5) The Koszul dual α! exists.
(6) α is the Koszul dual of a maximal chord diagram.
(7) gldimA = 2m− 1.

Moreover, if α is maximal, then m is an even number.

Proof. (1) ⇔ (2) follows from Theorem 3.2, since a chord diagram is by definition isolated 
point free.

(1) ⇔ (3) ⇔ (4) follows from Lemma 4.4 and Theorem 4.5.
(1) ⇔ (5) ⇔ (6) ⇔ (7) follows from Theorem 3.7.
Moreover, if α is maximal, then ζ2mα = η for some 2m-cycle η. It forces that α is an 

even permutation and hence m is an even number. �
Remark 6.4. Let A be a gentle algebra defined by a maximal chord diagram α ∈ M2m, 
by Equation (1), the genus of the marked surface of A is

g = 1
2(#{chords of α} − #{faces of α} + 1) = 1

2(m− 1 + 1) = m

2 
.

Which also explains that m has to be an even number. The above equation also suggests 
us that one should consider 4g rather than 2m.
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We need some further notions. Let n be a positive integer and E ⊂ Dn. We say E is 
closed under taking rotations if the conjugate action

〈ζn〉 ×E → E

is well defined, where 〈ζn〉 is the subgroup of Dn generated by ζn. We say E is closed 
under taking Koszul dual if the map

(−)! : E → E, α �→ α!

is well defined.
As we have shown in Proposition 6.3, the set M4g ⊂ D4g of maximal chord diagram 

is

closed under taking rotations and Koszul dual. (∗)

Next we will show that the converse is also true, say, any nonempty subset of quasi
diagrams satisfies the condition (∗) is contained in some M4g. The only exceptional 
cases are n = 1, 2.

Example 6.5. Let E = {id} ⊂ D2. Then E is closed under taking Koszul dual (Exam
ple 2.11), and closed under taking rotations (Theorem 4.5).

Proposition 6.6. Assume that n ≥ 3 and E ⊂ Dn is a nonempty subset satisfying condi
tion (∗). Then n = 4g for some integer g, and E ⊂ M4g.

Proof. Assume E ⊂ Dn satisfies the condition (∗). Let α ∈ E. We want to show that α
is a maximal chord diagram.

We claim that α is rotatably regular. Since E is closed under taking Koszul dual by 
assumption. By Theorem 3.7, α ∈ E is regular. Since E is closed under taking rotation 
by assumption, we have ζl ·α ∈ E for any l ∈ Z, thus ζl ·α is regular for any l ∈ Z. Thus 
α is rotatably regular.

Then by Theorem 4.5 and Theorem 3.7, α is one of the following cases

(i) α is a maximal chord diagram.
(ii) α is a maximal quasi-diagram with isolated points 1 or n, or both.

If α is a maximal chord diagram, then we are done. Now we assume α is a maximal 
quasi-diagram with an isolated point i, where i ∈ {1, n}. Let βl = ζln · α ∈ E. Then by 
the proof of Theorem 4.5, βl is a maximal quasi-diagram with isolated point ζln(i). Note 
that n ≥ 3. If i = 1 (resp. i = n), then ζn(i) 	= 1, n (resp. ζ2

n(i) 	= 1, n). So the Koszul 
dual of β1 (resp. β2) does not exist by Theorem 3.7, which is a contradiction. �
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Remark 6.7. Chang and Schroll showed that for a gentle algebra A with finite global 
dimension, the derived category Db(modA) has a full exceptional sequence if and only 
if the marked surface SA of A is not homeomorphic to Tg,1,1, where Tg,1,1 is an oriented 
surface of genus g ≥ 1, with only one boundary component and only one marked point ([9, 
Theorem 3.7]). By [9, Lemma 3.3], the class of gentle algebras of finite global dimension 
associated to Tg,1,1 is just the class of gentle algebras associated to maximal chord 
diagrams M4g.

We have the following counting formulae of maximal chord diagrams and maximal 
quasi-diagrams.

Proposition 6.8. Let g, n be positive integers, and assume n = 4t + q, where t, q are 
integers with 0 ≤ q ≤ 3. Then

(1) ([18, Equation (14)], see also [13, Theorem 2])

#(M4g) = εg := (4g)! 
4g(2g + 1)! ;

(2) ([8, Section 6])

#{maximal quasi-diagrams ∈ Dn} =
t ∑

i=0 

(
4t + q

4i

)
εi

where we define ε0 = 1.

We mention that there is some misprint in the original version of Proposition 6.8 (2) 
appeared in [8, Section 6]. Here we give a modified version, which is an easy consequence 
of Proposition 5.11 and we omit the proof.

Moreover, Cori and Marcus gave a counting formula of equivalence classes of maximal 
chord diagrams up to rotation [8], and Krasko gave a counting formula of orbits of 
maximal chord diagrams M4g under the action of the dihedral group D4g [15]. See the 
example M8 in the appendix.

7. Appendix. The case M8

There are 21 different maximal chord diagrams in M8, but only 4 types of orbits for 
M8 under the group action of D8. We list these four types of orbits in Fig. 5, Fig. 6, 
Fig. 7, Fig. 8. In these figures, ζ, γ ∈ D8 are the rotation and reflection act on M8 defined 
in Section 4, and (−)! maps α ∈ M8 to its Koszul dual α!.
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(15)(26)(37)(48)
γ·(−)!

ζ·

Fig. 5. Type I. 

(13)(24)(57)(68) (17)(28)(35)(46)

(13)(28)(46)(57)

(17)(24)(35)(68)

γ·γ·

(−)!

ζ· ζ·

ζ·
ζ·

(−)! (−)!

γ·

(−)!

Fig. 6. Type II. 

(13)(25)(47)(68) (16)(24)(38)(57)

(14)(28)(36)(57) (16)(28)(35)(47)

(17)(24)(36)(58) (17)(25)(38)(46)

(13)(27)(46)(58)

(14)(27)(35)(68)

(−)!

γ·

(−)!

ζ·
ζ·

γ·

γ· ζ·

(−)!

ζ·
γ·

ζ·
(−)!

ζ·

γ·

(−)!

ζ·ζ·

Fig. 7. Type III. 
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